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Abstract
Classically the constraint algebra of general relativity, which generates gauge
transformations, is equivalent to spacetime covariance. In LQG, inverse triad correc-
tions lead to an effective Hamiltonian constraint which can lead to a modified con-
straint algebra. We show, using example of spherically symmetric spacetimes, that a
modified constraint algebra does not correspond to spacetime coordinate transforma-
tion. In such a scenario the notion of black hole horizon, which is based on spacetime
notions, also needs to be reconsidered. A possible modification to the classical trap-
ping horizon condition leading to consistent results is suggested. In the case where
the constraint algebra is not modified a spacetime picture is valid and one finds mass
threshold for black holes and small corrections to Hawking temperature.
Quantum gravity continues to remain elusive despite numerous attempts taking various
forms. Loop quantum gravity (LQG) - a non-perturbative, canonical approach to quantum
gravity, is one such attempt [1, 2, 3]. Underlying its construction is a discrete notion
of spacetime, a quantum geometry replacing smooth geometry of general relativity. In
the context of symmetry reduced cosmological models, where there are only finitely many
degrees of freedom (similar to quantum mechanics), the framework has been quite successful
leading to a resolution of the big bang singularity [4, 5]. However, this success comes with
an important question mark - whether the singularity resolution is an artifact of classical
symmetry reduction? For this one needs to go beyond the homogeneity of cosmology
and probe inhomogeneous (in other words, field theoretic) models. Spherically symmetric
models seem ideal for this purpose.
At present the dynamics of the theory is not fully understood. However, certain effects
do not crucially depend on the details of the dynamics and can be used to make preliminary
studies of inhomogeneous systems. One such effect which is easy to implement in the
context of spherical symmetry is the inverse triad effect, coming from the quantization of
inverse powers of the triad variables. This effect corrects the Hamiltonian of the theory
leading to modified dynamics. More importantly, it can modify the constraint algebra of
the theory. The (classical) constraint algebra serves a dual purpose - generating gauge
transformations in the phase space and encoding spacetime covariance of the theory. A
modification of the constraint algebra can break this correspondence. This in effect could
mean that the classical spacetime concepts - the notion of black hole horizon for instance
- no longer hold. We provide an explicit example to show that this indeed is the case. We
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suggest a modification of the classical horizon condition that leads to consistent results.
In the case where the corrections do not modify the constraint algebra, classical spacetime
notions are valid and lead to a mass threshold for black holes and small corrections to
Hawking temperature (detailed calculations can be found in [6]).
1 Classical theory and constraint algebra
We begin with classical theory for spherical symmetry using Ashtekar variables which
consist of su(2)-valued connection Aia(x) = Γ
i
a(x) + γK
i
a(x) and densitized triads E
a
i (x).
Here Γia is the spin connection, K
i
a is related to the extrinsic curvature, γ is the Barbero-
Immirzi parameter and Eai determines the three metric qab. Hamiltonian formulation leads
to the Hamiltonian and the diffeomorphism constraints (and an additional Gauss constraint
in su(2) variables). After solving the Gauss constraint, one is left with a set of two canonical
pairs (see [7, 8] for details)
{Kx(x), Ex(y)} = 2Gδ(x, y) and {Kϕ(x), Eϕ(y)} = Gδ(x, y) . (1)
The spherically symmetric metric in terms of these variables is given by
ds2 = −N2dt2 + E
ϕ 2
|Ex| (dx+N
xdt)2 + |Ex|dΩ2 (2)
where N(t, x) is the lapse function and Nx(t, x) is the shift vector. The Hamiltonian
constraint H[N ] and the diffeomorphism constraint D[Nx] (including generic matter con-
tributions) are
H[N ] = − 1
2G
∫
dxN |Ex|− 12
[
K2ϕE
ϕ+2KϕKxE
x+(1−Γ2ϕ)Eϕ+2Γ′ϕEx−8piGEϕ|Ex|ρ
]
≈ 0
(3)
D[Nx] =
1
2G
∫
dxNx
[
2EϕK ′ϕ −KxEx
′ − 8piGEϕ
√
|Ex|Jx
]
≈ 0 , (4)
where Γφ = −Ex′/2Eφ. The gravitational part of these satisfies the surface deformation
algebra
{Hgrav[N ], Dgrav[Nx]} = −Hgrav[NxN ′] , (5)
{Hgrav[N ], Hgrav[M ]} = Dgrav[|Ex|(Eϕ)−2(NM ′ −MN ′)] . (6)
As discussed in [9], (5) and (6) imply that dynamics takes place on spacelike hypersurfaces.
2 Inverse triad corrections and constraint algebra
Next we consider LQG effect in the form of the inverse triad corrections. These arise when
quantizing the inverses of triad operators appearing in the Hamiltonian. Since triads have a
2
discrete spectrum containing zero, they do not have well defined inverses. Techniques exist
[10] reproducing the inverse in the classical limit but implying corrections in the quantum
domain. We will represent the effective inverse as 1/E → α(E)/E, (see [11] for derivation
of α(E) and Fig. 1 for its plot). The gravitational part of the Hamiltonian constraint in
(3) thus becomes
HQgrav[N ] = −
1
2G
∫
dxN
[
αK2ϕE
ϕ
|Ex| 12 + 2α¯KϕKx|E
x| 12 + α(1− Γ2ϕ)
Eϕ
|Ex| 12 + 2α¯Γ
′
ϕ|Ex|
1
2
]
(7)
where, for generality, different powers of Ex have been corrected by different functions
α and α¯. (No corrections are included with spin connection Γφ since it does not lead to
anomaly free algebra [12]). For the quantum corrected Hamiltonian, the constraint algebra
turns out to be
{HQgrav[N ], Dgrav[Nx]} = −HQgrav[NxN ′] , (8)
{HQgrav[N ], HQgrav[M ]} = Dgrav[α¯2|Ex|(Eϕ)−2(NM ′ −MN ′)] . (9)
If α¯ = 1, the algebra is classical, implying that dynamics takes place on spacelike hyper-
surface. In general, α¯ 6= 1 and the algebra is modified and one would like to explore its
implications with regard to the spacetime covariance property of the quantum theory. We
will consider two cases - (i) α¯ = 1, in which case only the dynamics is modified but space-
time covariance properties are classical and (ii) α¯ = α in which case both the dynamics and
spacetime properties change (situations more general than these can be related to these
two cases [6]).
Case I: α¯ = 1
In this case, in vacuum, one can solve the constraints and the equations of motion (in the
static gauge Kx = Kφ = N
x = 0 and Ex = x2) and obtain the quantum corrected version
of the classical Schwarzschild solution (note that not all quantum gravity effects have been
included)
ds2 = −g2α
(
1− 2Mfα
x
)
dt2 +
(
1− 2Mfα
x
)−1
dx2 + x2dΩ2 . (10)
Here fα = 1/gα are functions correcting the classical E
φ and N and tend to one in the
limit x→∞ giving back the classical solution. The horizon equation is given implicitly by
M = 2x/fα and gives a mass threshold below which black hole does not form (see Fig. 2),
consistent with the observation of [13]. Away from deep quantum regime one can repeat
Hawking’s analysis to find modified Hawking temperature kBT = ~α(xh)g2α(xh)/8piM ,
which goes to the standard expression when the horizon xh 
√
γ/2lp. More importantly,
since the constraint algebra is classical, spacetime covariance properties persist. This can
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Figure 1: The correction function α(∆)
where ∆ is taken relative to ∆∗ :=
√
γ/2`P.
Note that α(∆)→ 1 for ∆ ∆∗.
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Figure 2: Horizon curve: Right hand side of
M = x/2fα(x) (solid) and the classical hori-
zon curve (dashed).
be verified by doing a coordinate transformation to the Painleve´-Gullstrand coordinates,
in terms of which the metric becomes
ds2 = − 1
f 2α
(
1− 2Mfα
x
)
dT 2 + f−2α dx
2 + 2f−2α
√
f 2α − 1 +
2Mfα
x
dTdx+ x2dΩ2 , (11)
and checking that for this metric the constraints are identically satisfied (see [6] for details).
Case II: α¯ = α
As already noted, in this case both the Hamiltonian and the constraint algebra get modified.
Assuming that here also the usual spacetime properties continue to hold, we solve the
constraints and the equations of motion to find the ’metric’ corresponding to the classical
Schwarzschild solution
6ds2 = −α−2
(
1− 2M
x
)
6dt2 +
(
1− 2M
x
)−1
6dx2 + x2 6dΩ2 . (12)
Following the previous procedure if we now go to the corresponding ’Painleve´-Gullstrand’
coordinates, the ’metric’ becomes (slash on ds and the quotes indicate that these quantities
do not have the usual geometric meaning as made clear from statement after (13))
6ds2 = −α−2
(
1− 2M
x
)
6dT 2 + α−2 6dx2 + 2α−2
√
α2 − 1 + 2M
x
6dx 6dT + x2 6dΩ2 (13)
It turns out that (13) does not solve the constraints thus showing that for modified con-
straint algebra, coordinate transformations do not map solutions of constraints to other
solutions.
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3 Implications and conclusions
Having shown that the conventional spacetime properties (or even a concept like metric)
do not hold for modified constraint algebra, the obvious next question is what happens to
the concept of horizon? Do the entropy calculations in LQG [14, 15, 16], based on classical
concept of horizon, continue to hold? To explore such questions one can include matter (in
the form of scalar field, say) as a second order perturbation to the classical solutions and
evaluate various horizon conditions like the trapping horizon [17] and the isolated horizon
[18]. For classical spherically symmetric backgrounds (where classical algebra holds), these
two notions of horizon are equivalent. However, for modified algebra the two notions of
horizon turn out to be inequivalent (details omitted here for want of space can be found
in [6]).
In fact the trapping horizon, given by Ex/(Eϕ)2 − (Nx/N)2 = 0, becomes gauge de-
pendent giving different results in different ’coordinates’ (defined through the choice of
N, since as seen above, the concept of coordinates is not meaningful in this case). The
trapping horizon condition can be modifed in a simple way to Ex/(Eϕ)2 − (Nx/α¯N)2 = 0
such that different coordinate systems give equivalent results (modification obtained look-
ing at equations of motion and not based on some understanding of horizons in quantum
gravity). With such a scenario, it seems that black hole entropy calculations, where the
isolated horizon conditions are fixed before quantization, miss out some quantum features
relevant for the horizon. This, for instance, can have bearing on the value of Barbero-
Immirzi parameter. But more crucially it is to be noted that for corrected algebra even
the concept of isolated horizon is difficult to define suggesting that a reconsideration of
entropy calculations might be needed. On the other hand we also had an example where
the quantum correction did not modify the algebra and where classical definitions continue
to give consistent results and therefore entropy calculations in such a situation would also
be consistent. However, here only one type of quantum gravity correction was considered.
More generally there will be holonomy and quantum backreaction effects (which so far
have been difficult to implement in full generality in inhomogeneous situations) and which
most likely would lead to a modified algebra. In such a case one might need a quantum
definition of the mapping from phase space to spacetime and even a quantum notion of
classical concepts of geometry.
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